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1. Introduction: Some examples

1.1 One 2x2 Contingency Tables

Treatment for Diabetes Death Rate (5 yrs)
R
A | — Placebo 11/205 = .054
N —  Tolbutamide 26/204 = 127
D

Deaths Survival | Total

Placebo 11 194 205
Tolbutamide 26 178 204
37 372 409
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1.2 Two Contingency Tables

Children Treated for Leukemia Remissions
R — A 13/17
A
Good Risk —
N
D — B 12/13
A /
Eligible
~ R | — A 2837
A
Poor Risk —
N
D — B 24/37

A: MTX — 6MP
B: 6MP — MTX

Children Treated for
Leukemia

Good Risk

Remissions Failure
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13 4 17
12 1 13
25 5 30
Poor Risk
Remissions Failure

28 9 37
24 13 37
52 22 74
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1.3 Retrospective Studies

Lung Cancer Random Are you a
Patients — Sample — heavy smoker?
n—63 60/63
Controls Random Are you a
(No Lung Cancer) |— Sample — heavy smoker?
n—43 32/43

Data: P(Smoker|Lung Cancer) =60/63
P(Smoker|Control)=32/43
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Retrospective Studies (continued)
Can one say something about:
P(Lung Cancer|Smoker)
P(Lung Cancer|Non-Smoker)

Smoker Non-Smoker

Lung Cancer 60 3 63
Control 32 11 43
92 14 106
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1.4 Multinomial Classification

Suppose individuals are classified according to
two variables; e.g., Hodgkin’s disease patients
were classified according to whether the

mediastinum had disease or not and by cell type.

Mediastinum

Disease No Disease

Nodular
Sclerosing Cells 15 9 24
Mixed Cells 6 21 27

21 30 51

Is disease involvement in mediastinum and cell

type independent?

1.5 Order:

Is there a relationship between birth order and the frequency of

mongoloid children?

Birth Order

5
1 2 3 4 or greater
248 175 74 27 8
Frequency 559,510 398,903 190,252 71,093 34,093

44x107° 44x107° 39x107°5 38x10° 26x10°°
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1.6 Independence of Binary Outcomes

A sequence of 0’s and 1’s are observed. Is the sequence independent?

Example: Presidential Elections in U. S.

1 = Democratic Elected, 0 = Republican Elected

1912 1 Wilson 44 1 Truman 76 1 Carter
6 1 7 48 1 7 80 0 Reagan
20 0 Hardy 52 0 Eisenhower | 84 0 7
24 0 7 5 0 7 88 0 Bush
28 0 Hoover 60 1 Kennedy 92 1 Clinton
32 1 Roosevelt | 64 1 Johnson 9% 1 7
36 1 7 68 0 Nixon
40 1 7 72 0 7
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1.7 Wilcoxon Two Sample Rank Test
Consider Two Groups of Observations

A: 10,18, 22, 33 na =4

B: 12,35,40,45,48 np=5
Arrange Data as an Ordered Sample

Rank 1 2 3 4 5 6 7 8
10 12 18 22 35 36 40 45
A 1 0 1 1 0 1 0 O
B 0o 1 o0 o0 1 o0 1 1

Is there a trend or are the 0’s and 1’s random.

l©
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2. Theory
1
0
6 = P{Y=1}
1-6 = P{Y =0}

Binary Random Variable Y =

f@)=P{Y =y} =0"(1-0)'Y fory=0,1 (1)

Suppose y1,Y2,- - ,Yn is a sequence of ¢id random
variables following (1).

Joint distribution:

Fyyz - un) = E?TEET%%

62v: (1 — 9)"=Svi = (1 — f)"—>

where

n
s = M y; = number of 1’s
1

flyr, -+ syn) =671 = 0)" .

flys, -+ syn) =6°(1 = 0)"".

n
S = MU y; is sufficient statistic for 6
i=1

ie, If f(y1, -+ ,ynl|f) is joint distribution and
t(y) is the function of y = (y1,- -+ ,yn) so that
f(ylt(y)) is independent of 8, then t(y) is
sufficient for 6.
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Joint Distribution 7 fly)=06°(1-6)">*

Since S is sufficient, consider distribution of S; i.e.,

\,Amv = .NUA_MMHmHvH M .\.A@H,@Nu...,@ﬁv

Y1t +yn=s
n
o %m H_. _ % n—s — 8§ _ n—s
( ) o1 FVQ (1-6)

Y1t tyn=s

as M 1 = number of ways of arranging

Y1t tyn=s
Y1, ,Yn SO that they always sum to s.

Binomial Distribution:
fis)=(Mera—-o)"
E(S)=n#, V(S)=né(1-90)
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Non-identically distributed Random Variables

Consider Y7, Ys,---,Y,, independent r.v.

P{Y =) = 01 (1—0)'

n
Flyi g2, yn) = [0 (1= 0¥
i=1
n n n
S=>"Yi E©S)=> 6; V(S) =) 6i(1-6)
i=1 1 1
Two-Populations
Suppose
%& - %H onN.HHJMu...uﬂ:
%& = %m ».OHx.HSQnTH,ﬁ:uTN....ﬂD
n=mnip+ N
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Then
.\.A@HJ... uﬁtzv = E%%sﬁ. |%HvHIS
i=1
x ] 65—t
i=ni+1

— 651 (1— )=

= ‘\.A@HJ. e Jﬁzpv‘\.ﬂﬁzi.f. e uﬁtsv
X032 (1 — ;)"

ny n
S1 = M Yi, S2 = M Yiy N =mn1+ N2
1

ni+1

Since (S1,.52) are sufficient for (61, 62)

f(s1,82) = AEVQMHS —6)m Azmvmmw (1—6y)"*
S1 52
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3. Logistic Regression

Consider Y7,---,Y,, to be ind. binary r.v. with

0; = m9+u§.\ 1+ ®Q+u§.

1—0;=1/1+extFu

Note
%s\ﬁ. — msv = mQ.Tmss.
Logistic
|1og[6:/(1 - 61)] = & + Ba;
Regression
Observations: (z;,Y;) Y;: binary r.v.
t=1,2,---,n

Usually inference is made on f; i.e.,

Hy:8=0wvs. H;: #0

The parameter « is a nuisance parameter.
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Examples

Two Population Problem

(2x2 Contingency Tables)
(x4, Y:): Observations

v:. = wom%s\ﬁ. |%sv = QuT\@&s.

zi=1lfori=1,2,--+,mn
zi=0fori=ny+1,---,n1 +ny
6; = HM\MW. Hm9+u§.\p+mo~+m§

6 = etB/1 + e for z; = 1
0y =e€%/1+ e for z; =0

HMQHOU%HH%N

%H %m
M- =8 =log ¥ —log % =log { /=gt }
= logodds
Slide 25
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Trends Tests

ANi = a+ Pr;
Suppose z; =1
Ai=a+ [i
Order: 1 2 3 --- n
Y 1. 0 0 ... 1

Is the order of the {Y;} a random sequence?

If random sequence 8 = 0
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# mongoloids

Total no. births
Define

T; = for
for

for

for

Ot W N

for

Mongoloid Children

=

ni

.
Il

Birth Order
2 3 4

lon

S2 S3 S4 S5

ng N3 N4 N5

1,2, ,m1

ni+1,---,ny +ns
ny+ny+1,---,n1 +ng+ns
ni+ns+n3z+1,--
ny+ny+ng+ng+ns+1,--- ny+--+ns

- ,Nn1 + N9+ N3 +ng
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Markovian Sequence (Presidents)

M\Hum\mu... um\z

Assume P(Y;|Y1,Ya, -+ ,Yir1) = P(Yi]Yi1).

Conditional distribution only depends on previous

observation.

P(Y;|Yi-1)
P(Y;|Yi-1) = P(Y3)

Markovian Sequence:

Independent Sequence:

Model: P(Y;|Yi—1) = mol.mSL\s. + e@tBYi

Ai = a+pYi
B e if Yi_1=0
o+ N.w if M\&\H =1
If 3=0=  Independent Sequence

B # 0= Markovian Sequence
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Observations: (Y1,Y2) = (0,0),(0,1),(1,0),(1,1)

Multinomial Classification (4 groups) 6 = P{Y1=1}=¢%/1+e™
Example: 02(Y1) = P{Ys =1y} = e®thv1 /1 4 ex2tbn

Mediastinal Disease (Y1)

Cell Type (Yz) P(Y1,Y2) = P(Y1)P(Yalyr) = 67" (1 —61)' %02 (y1)¥2 (1 — 62(y1))*
ey eleatBu)ye
v, — 1 if disease present T+e™ 1 4 eloatByr)
0 if disease absent _ ed1yitazytByiy:

(1+e9)(1+ m?s._.mfvv

—

if nodular sclerosis
Y, = fg=0

0 if mixed cell
_ mQHSLvQN_S _ e?1y1 e®2y2
= Ph,Y) = (I+e*)(1+ex) AH + mo:v AH +m§v
= Independence
Slide 30
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Lecture 2: Logistic Regression
e Review
4. Sampling Theory of Logistic Regression
5. Conditional Distributions

6. Comparing Two Binomial Populations
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Lecture 2

Review

1
Y = Binary Random Variable

0
9 = P{y=1}, 1-6=P{Y =0}

EY) = 6,V(Y)=6(1-9)
fly) = *(1-0)'Y fory=0,1
= 1-6 fory=0

= 6@ ».OH.“QHH_.

Let Y1,---,Y,, be independent binary random
variables such that 6, = {Y; = 1}
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Then the joint distribution is

.\A@f to KQSV = m%s@sﬁ. - mﬁ.vp\_ﬁ
i=1

If0;=0= fyr, - ,yn) =0°(1L—0)"*

.WHM Yi

1

P8 =5} = () = ()0°(1- )"~

Binomial Distribution

Slide 33
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E(S) =nb, V(S)=nb(1—0)

Logistic Regression

x = Independent Variable
Y = Binary Random Variable

P{Y = 1|z} = e*tF7 /1 4 2% =

— patfz
1-6 ¢

_om;wﬂﬂom%uﬂom.fu&

0
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Nearly all inference problems test

Hy:8=0wvs. H :5#0
The parameter « is a “nuisance parameter”
Settings
2 population problem
Several 2 x 2 Tables
Does {Y;} depend on order
Are {Y;} independent

Independence of Two Binary R. V.

Slide 35
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4. Sampling Theory of Logistic Regression

Observations: (z;,Y;) i=1,2,---,n

N = log =a+fBa,
0; = e /l+ed 1-6;,=1/1+¢N

Joint Distribution:

,\.A@Hu... u@\:v = E %Ws:. |%s.vp\?.

mv:. Yi 1 1-y;
AH.T.%:.V AH.T.%:.V
i=1

_ A erivi v exp X \iyi
1

1+ e - Eﬁ._.m\(v

%

MUKS = (a+Bai)y; = QMU.S ._.QMU&&&

‘\.A@Hu...uﬁz\v =

=

3

k2

7
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Define t; = MUSJ t1 = Mua&@
i i

.\.A”S;. .. ,@Sv — .mQSLTm? \SAH + mv:.v

(to,t1) are sufficient statistics for («, 3)

‘\.A@Hu e uﬁtz\v = meonTm? E:. + mv:.v

7

to=> v t1i= miti, A\ =a+pu
[ [

Since to and t; are sufficient statistics, it is only
necessary to consider the distribution of

To=> Y Ti=) zYi ;
i i

Slide 37

1€, P{Ty =to,Ty =t}
ato+pPty
Y1t +yn=to IO +e*) vittyn=to
T1y1t+ T yn=t1 i T1y1t+ T yn=t1
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Clto,ty) = = (1)
Syi=to
Yziyi=t,
Example:

n =4, Xy, =3, Yz;y; = 2,

21 =0,22=0,23=1, 24 =1

==
o =IO
e Lt

Clto=3,t1 =2) =2

—_

No. of ways of arranging
Y1, Yy which
satisfy the two
conditions.

only 2 ways

Slide 39

QQ? wpv.mo:w?fm?
n

[T +e)

=1

f(to,t1) = P{To =to, T1 =t1} =

to = MUS.HS, i1 = MUS ZiYi
C(to,t1) = number of ways of arranging (y1,- - ,Yn) SO
that

MU.S = to, MU.ﬁ? =t
i

%

Slide 40
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5. Conditional Distribution of T;
Given Ty = tg

Consider
f(tilto) = P{T1 = ta|To = to) = %
Since
eato MQQO, w“_.vmmwu
= t uw — t1
2 Sty D
meoQQou?vmm? \EQ n_umv:v
f(talto) = .

meoM C(to,t1)e m? z 1 +m»:
t1

f(talto) = Clto,t1)eP /> Clto, 2

Slide 41

21

(t1]to) = Qo, vaur Note that
M C(to, 2) A% & has been
eliminated

Distribution only depends on C/(tg,¢1) and
(B,to,t1)-

to = MU@? ty = MWS?
i i

Suppose Hy : = 0 is true

‘\.oQH_gV = QQouva MU Q@?Nv

is a distribution which is parameter free.

All that is necessary is to evaluate C(to,t1) and

then distribution is completely known.
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Example

To ease calculations define
Learning Situation

A person is doing a repetitive task. Does the person’s

) ] i yr=1—y,th =S, =2, ) =3z;yi=4
success rate tend to increase with experience? ¢ v e ot e

Note
Order 6
1 2 3 45 6 Siigi+Si(l—y) = D i=20=t+1
01 0 1 1 1 !
Sui+d(1-w) = to+th=n=6
1 ifS . . i i
y = , Ai=a+fi (z; =1)
0 ifF

. s f(tlte) = f(t — 2116 — £5) = f(1]40)
Yiyi=4, Yizyi =%iiy; =2-144-1+45-1+46-1=17

Slide 44
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Sk
= =
oS =N

— =
CE oo ot w St

© © 00 ~J0W0 DU~ ULk W

— =
= o

Order
3 4 5 6
0 1 1 1 wo = R_J wH =17
1 0 0 0 th=21=4
Cltg,t1) | ta=21—1¢7  f(ts]to) Large values (or small values) of ¢; = MU@ are
i

w Ww wmw evidence of a trend.

2 16 2/15

2 15 2/15

3 14 3/15

P{Th =17Ty =4} =1/1

2 13 2/15 {1 = 17Ty = 4} = 1/15,

2 12 2/15 Critical Region: 77 = 17,18,11,10

1 11 1/15

1 10 1/15

51— 15
Clto,t
fltaf) = Sl
> Clto,t1)
t1

Slide 46
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6 =P{Y =1} = e*tFe /1+ e the

Ifz>0>0=0tTaspfz?
Ifz>00<0=10laspzl
e.g.,

xz; = 1,8 > 0: increasing trend of successes.

xz; = 1,8 < 0: decreasing trend of successes.

Example:
Learning
Hy:86=0wvs. H : >0
wH = Hﬂu wo =14
P{Ty >17|To =4} = P{Ty =17|tp = 4}

+ P{Ty = 18|ty = 4}

_

6. Comparing Two Binomial Distributions

Consider two groups referred to as group “0” and
group “1”. Let there be ng observations in group
0 and n; observations in group 1.

. molmas.

b = Treem

z; = 0fori=1,2,---,n9
0; =e*/1+e”

z; = lfori=no+1,---,n9+mn1
0; = ol.m\H.TmQ.Tm
no+mni

to = M SHM.S.TM.SHMQ.TMH
i=1 0 1
no+mni

1 = MU TiYi = MU.S =38
i=1 1
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Number of Number of
Group  Successes Failures Totals
1 $1 np — 81 n1
0 S0 ng — So o
to n — to no+mniy=n

Logistic Regression Theory says condition on g
(to = so + s1 = Total number of successes).

Since the sample sizes (ng,ny) are fixed and g is
fixed, n — t( is fixed. Hence all marginal totals are
fixed. There is only one free entry in the 2 x 2
table; once s; is assigned, the remaining three

entries can be calculated.

We know (binomial distribution)

s
—
)

s
—
Il

(5:)07" (1 — )=
flso) = (5°)85°(1 — o)™

Slide 49

25

We wish to find

flto)= D flso,s1) =Y flto—s1)f(s1)

so+s1=to s1=1

Consider

f(s0)f(s1) = f(to — s1) f(s1)

— A no vmwolmuﬁ _ %ov:olg.fﬁ

wo\mp

% AMHV%MH AH _ %HVE\E
_ S1 to
= (") () [ ] (] - - o™

| F(50)£(s1) = Clto, t1)e* g(to), to =50+ 1]
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f(s1lto = so +s1) = xﬁo&: = iﬁ%m&v

_ f(to—s1)f(s1)
- f (o)

where

fto) =D flto— 1) f(s1).
Since f(to — s0)f(s1) = C(to,s1)e?* g(to)

C(to, s1)e”* g(to)

Florlto) = MUQ?&L%&@Q&
— Oty 51)eP \MUQQW?SV%S
where &
Cltoysn) = (, 7 ) (5 ) B =1og i
no ni ePs

Slide 51
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O‘TwoJ mvammH

to) = —~ /"
.\.Amp_ ov MUQQOJMHVQES

Suppose f =0 <= 6y =6,

o n1
wo — 81 S1

) G
wo|.wH S1

S1

,\.OAMH_NO = Sg + mHv =

flsiito) = (,,"%,) (32) \Azomfv

The above distribution is the Hypergeometric

distribution.
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7. Urn Sampling Model.
n = ng + n1 = number of balls in urn

to balls are red and n — ty are white

n1 balls are randomly drawn without replacement
s1 of these balls are red.

Red White | Total

Sample $1  mni— 81 n1
Remaining X X X
wo n — wo 7 n

(X values are calculated)

Slide 53
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Urn Sampling Model (Two-Sample Problem)

n=no of balls e O e Sample nq
to=no. red balls oee — balls without
n — to=no. white balls o e replacement

Red White | Totals

$1= no. of red balls
Sample $1 ny — 81 1

ni — §1 = no. of
Remaining in Urn So g — So g

white balls

wo n — wo n
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(%) = Number of ways of drawing s; red balls

and n; — s white balls
(%°) = Number of ways of drawing so red balls
and ng — sg white balls
() (;}) = Number of ways of drawing

the two samples

= (sp + $1) red balls from

N Aﬁo + ﬁpv Number of ways of drawing
among (ng + n1) balls

So + 81

Hypergeometric Distribution

seto=ne = (0)(0)/(32)
(= ()76

Slide 55

28

Example:

seato =0 = () (%) / (1)

()

o .\.A%“_._wOHMV = A:v
1 4=3 1 |5=m to
0 4 3 ﬂ”3o AJAJ
4t =8) = MHp¥ =13
to=8 4 |12=n fdjto =8) (5) —
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Other Tables with Marginal Totals Fixed

Summary:

5 0] 5
5\ (7 _
3 4|7 el = Y- s [t =9)
s 4|12 : 1 5/495 = .010
2 70/495 = .141
1 4|5 3 210/495 = .424
5\ (7
7T 0|7 f(8) = ANNMWV =2 Observed Table — 4 175/495 = .354
| 8
8 4112 5 35/495 = .071
To carry out a 2-sided test we calculate the
2 3|5 o probability associated with table having a lower
6 1|7 f(218) = AMNMWV = = probability of occurring.
| 8
1 2
8 4112 p_ ﬂm+www.mﬂo+m”%”.mqa
3 2|5 To carry out a 1-sided test H; : 8 > 0
5 27 e = G-
8
8 4|12 175+35 210
P=——""—=—=.42
495 495 b
Slide 57 Slide 58
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Lecture 3.

Independence and Urn Sampling
8. Test for Independence
9. Urn Sampling Model
10. Wilcoxon Rank Sum Test
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8. Tests for Independence

Example: Leukemia patients recovering from

bone marrow transplant graft vs. Host disease.

Donor for marrow may be matched or
mismatched with respect to person receiving
transplant (MHC Status).

Severity of GVHD Toxicity

MHC Minor  Major | Totals

Mismatched 11 7 18

Matched 15 4 19
26 11 37

Is severity of GVHD independent of
whether MHC is matched?
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Theory: Consider two random variables, Y7, Y,
having the joint distribution P(Y1,Y1); i.e.

P{Y1 =y1,Ya = y2} = P(y1,92)-
If (Y1,Y2) are independent, then
P(Y1,Y2) = P(y1)P(y2) = P(Y1 = y1) P(Y2 = y2)

Conversely, if P(y1,y2) = P(y1)P(y2) then the
two random variables are independent.

Our case: Y7, Ys are binary

Y1: Severity of toxicity

Y>: MHC Status

Slide 61
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Test for Independence
Consider Y7, Y>. Both binary random variables.

Let
.NUAM\“_. HOWH H_.\H_.lTQODVwA_ﬂM\H = H_.WHQQH\H_.lTWOD.

(1) or [f(y1) = P{Yi = g1} = ¥ /1 + e
Let wﬁw\m = O_M\H = va = H\H +®QNV
P{Y> =1]Y; =0} = e*> /1 + >

(2) [ f(galyn = 0) = 2202 /1 4 e

P{Y, =0[Y; =1} = 1/1 + **F,

QO+u

P2 =1 =1} =55
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>HH:|
l0g F{ya=oryy) = @2 + By

fn) = e /g en
.\Q\m_ﬁpv — QAQMITQSVS \HnTQO.TmS

0) = e*2¥2 /1 + ™2

2) | £ (@sly:

(3) [£(galys = 1) = et /14 oatd

Parameters are: (a1, as, )

2) and (3) may be written
(2) and (3) may be writte Fnwe) = Flusln)(Fn) = £ (el

o1yt | mAQm.Tm@LS
AH + mo:v AH + QO.TmSv

fyalyr) = eloztPvvz [1 4 eoetbun

Note: 1Yty +hy1ys

.\.A@f@mv = AH+mQHVAH+mQN+mSv

Fly =1ly) _ e ipn, Outcomes are: (y1,y2) = (0,0),(1,0),(0,1),1,1)

f(y2 =0ly1) 1 Multinomial (4 categories)

,\.A@T@Nv — %%WISXHISV%%mﬁl@mvmmlsv@m%mwﬁ

Boo + 610 + 601 + 611 =1 (3 parameters)
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e1y1t+azya+By1y2
14+ mo:v AH + mam._.m.fv

fy1,92) =1

Note if 5 =0,
flyr,y2) = exvitoaey /(1 4 e01) (1 4 ™)
= AH@.MHMMH v AHQHNMMM v = independence

7 Hence Hy : 8 = 0 corresponds to test of independence. 7

(a1, a2) are nuisance parameters.
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Consider a sample of n (Y1;,Y3;) j =1,2,---,n

Fiys) = [ £ w155v25)
j=1

QHM@S + QNM@S + QM@E@S
f(y1,92) = e zu :
AH .Tmnﬁvzm AH .TQO.Tm.@E.v

Jj=1

o MU@: + QNMU@S + QMU.SES
e J J J

.\A@T@Nv = n
G. + .mnﬁvﬁ m AH + QOLTm.@C.v
j=1

Let t1 = X y15,t2 = Xjyaj,t3 = Xy Y25
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Note:

n AH+mo§+m@:v — Q.T.deMJCI.SE AH+QO+vaT@:
Jj=1

= (1+e2)" ™" (1+ mam._.mvs

e@1t1tanta+hts
(14ex2)n~t1 Au+mam+mv:

fly,y2) =

(t1,t2,t3) are sufficient statistics.

C(t1,ta,t3)e"1t1Ha2ta+ht3

.\.quwmuwwv = D

C(t1,t2,t3) = Number of ways of permuting (y1,,y2;) such that
t1,ts,t3 are fixed.
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QQT ta, wwvmgiiwoswm;vmg
D

‘\.Aw”_; wmu wwv =
D = (14 €)=t (1 4 228
Since (a1, as) are nuisance parameters, consider

Q@vmo«y? +aata+pPts
MUQA.SQQH? +aata+Pts
t3

f(tslte,t2) =

ftsltr, t2) = C(t)ePts MUQASQQ&
t3

and if 3 =0

foltslts, t2) = C(t) /> _C(¢)
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Data Display

Factor 2
1 0 | Totals
1 811 $10 ty
Factor 1
0 so1 $00 n —t;
Totals: ta n—ty n
Slide 69

S00

500

S01

$10

S11

$10 + S11

No. of observations for which y;; = y2; = ()
n

MG —y15)(1 — y25)

1 — 41:)yss — Do. of observations for
.NHM“_.A @Huv@m.‘ which Y1 = OJ@N‘» -1
MU@:.G — Y2;)

J
D vy
J

Sy (1= y2;) + D Y12
7

MU@SG —y2j +y25) = Ly, =t

J

35
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Factor 1

But this is a 2 x 2 table with all margins fixed.

Factor 2
1 0
1 s11 S10 131
0 So01 S00 n—1
wm n — wm n
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In comparing two binomials we had

S x
A s, ng—5q | Na S11 $10 t1
B s ng—mny | np 501 S0 | n—*t
t n—t 7 n to n —ts 7 n

o
MUAAWQV Aulmgvm -

or

Flsalt) = (72) (32)ef® / D
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Comparison of Notation

Proportions Independence

s =(32) (1230) /2 v

Ng wH
and if Q =0 t wm
n n

e = () (2222) /() st = (2)(222) /()
207 sy ) \ty — 511 (2
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What is 47
Recall for n = 1 (Multinomial distribution)

Flyr,y) = %ww\.fvG\Svmmmﬁwwmv%wﬂwiwm%ﬁ@m

Y1 Y2 Y19y2
010 Bo1 011600

= 0o | —2 —= ———
0o %oo %oo %HO%OH
But
B e¥1y1tazy2+Ly1yz
,\.A@H,@Nv - AH + moﬁv:. + mQMVH\@u:. + mQNLﬁQv@H
1 (1+ e%2)ex ¥

. e2Y2 oPY1Y2
(1+e2)(1+ e2=) 1+ eo2tB
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. _ o a o1 _ L«
b = 1/(1+e)(1+e22), o = e
010 — mQHAHnTQOv 611600 — @E
fo0 1+e2FtB 3 619601

Suppose factors are independent = 8;; = a;b;

P — 611600 _ arbiaoby 1
610601

aq @o@omﬁ B

=pB=0
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Severity of GVHD

Minor ~ Major
MHC
Mismatched 11 7 18
Matched 15 4 19
26 11 37
P =10.295

Severity of GVHD

None Mild Moderate Severe Extreme
Mismatch 4 4 3 3 4 18
Matched 6 8 1 4 0 19
10 12 4 7 4 37
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First Protocol

None Mild Moderate Severe Extreme
Mismatch 2 2 2 1 1 8
Matched 3 4 1 2 0 10
5 6 3 3 1 18
Second Protocol
None Mild Moderate Severe Extreme
Mismatch 2 2 1 1 3 10
Matched 3 4 0 2 0 9
5 6 1 4 3 19
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Review

Y1,Ys,---,Y, independent random variables with

9, =P{Y;=1}, 1-6;=P{Y;=0}
Model: §; = e®™F=i [1 4 exthzi

where (a, 5) are unknown parameters and {z;} is

a covariate.

logit 6; = log Hw&mﬂ. =a+ fz;

The joint distribution of y1,--- ,y, is:
n
flyr,- yyn) = eto+pBt MUQ + e tBzi)
=1

n n
to = MS , b1 = MUQSS
i=1 i=1

(to,t1) are sufficient statistics for («, 3)
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n
flys, o yyn) = et \E Q + molm?.v
1

to=Syi , t=) zit
[

Hence the distribution of T, = M“S; T = MHSS is
i i

wa So._.ms
fQto,tr) = P{To =to,Th =1} = Qm9¢|m

EG + mol.mﬁv

i=1

C(to,t1) = number of ways of arranging the binary
variables (y1,¥2, - ,¥yn) such that

n n
MSHS, M“,SF.HS
i=1 1

In nearly all testing situations we are concerned with
Hy: 8 =0 vs. atwo-sided alternative H; : 5 # 0 or a
one-slded alternative H; : 3 >0or H; : <0
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n
‘\.Qou wpv = QQOJ Svmgwo;ﬁm? E G. + moﬁfmhﬁv

i=1
to = M@r i1 = M,SF.
i i
The conditional distribution of T} = MWSS

i
conditional on Ty = tg results in the elimination

of the nuisance parameter o; i.e.,

QQOu Svmmﬁ

.\.Qp_wov - wﬁm.w - wH_\.NJo - wow TS
m Qﬂwouwwvmmwu
t1

Under Hp : 8 =0 and f(t1|tg) becomes

foltrlto) = Clto, t1) /Y _Clto,tr)

Note fo(t1|to) is parameter-free and serves as the
basis of “exact tests.”

9. General Urn Sampling Model

The asymptotic distribution of 77 = ¢;
conditional on Tj = ¢y can be calculated using an
urn sampling model. This serves as a convenient
approximation to all testing procedures.

Urn Model:
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Notation: Urn Sampling

n = number of balls in urn
z; = value of it" ball
Y 1 if i*" drawn ball in sample
f; =
0 otherwise

n
to = MU? = size of sample

%
t1 = MUQSS = value of sample

1=1
Since sampling is random, each ball has same
probability of being drawn

If
0=P{Y;=1}, EY;)=86

N w|o _ size of sample
n Total number of balls
E(Y;) =to/n
to to
V(Y;)) =0(1-0) = — - —
() =s01-6) =2 (1-2)
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What are Cov(Y;, Y;) for i # 47

V(Ty)=0 = V M:W =nV(Y;) +2(%)Cov

0 = nb(1-1)422 oy

n

where Cov = Cov(Y;,Y;),i # j

Cov=—-2-0(1-6), 6=ty/n

n—1
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MUM\ , T, = Xz,
=1

0 = w9\3
(1 - 0)

-1

n—1

—0) forij

M&s Nw = wom

MU&<

+ MU& z;Cov(Y;,Y;)

1]
0(1 — MU& — Wma iLj
. 2 Lilj
Mu.ﬁ. a MUB -1
i=1 i#]
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Recall

V(T1lto)

Mua ._.Mua

ﬁ&

n
D i
1
m TiTj; =

i#j

1-0)¢Xa? -2 (Y

Lj

(X xi)? — M“aw

n
2
-2
1

z;
a.vm

27&?? wir) Ta? - WJL

%Lizmmu m,ﬁsw

Emev ﬁMa AM,S W
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i n n 2
B 2 1 | AHS - &v
b=to/n, 5" = n—1 IMHU n—1
Thus
E(Tito) = toF
V(Tilto) = to(1-1%)s

n

T = MUQSS is asymptotically normal with above
1

mean and variance.
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Li

8|

Two Population Problem

0 for i=1,2,--,ng

1 for i=no+1,---,n9p+n;=n
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n

= n
E(Tilto) = toT =to—, to= MS, to = 5o + 51

n
1
a\AM._H_wOV = wo G. — $v mm
= to(1- %) a2
T, = YizY; =51
t
S, — on1
n ~ N(0,1)

Slide 89

45

Z = L ~ N(0,1)

Population Successes Failures
1 s1 fi ni
0 S0 fo ng
to n — to n

22 =2 = (n—1)(s1fo — mo\bm chi-square
nonito(n — to) with 1.d.f.
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Two Sample
10. Wilcoxon Rank Sum Test

Population
A 10, 18, 22, 36 ng =4
B 12, 35, 40, 45,48 np =5
Arrange data as ordered sample

1 2 3 4 5 6 7 8 9

10 12 18 22 35 36 40 45 48

A 1 o0 1 1 0 1 0 0 O
Consider the A Sample 0’s and 1’s.
Are 0’s and 1’s random or is there a trend; i.e.

i=a+pz;=a+pi (z;=1)

n
to = M@&HS\DH%
1

n
t, = MU.\SS = Y4y; = Sum of ranks of A
1

=1+3+44+6=14
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n
— - — . rank sum of
to = MU Yyi=na h MHUS: A sample

t
E(Tilto) = toZ %E:&ngA |mov 2

“~z;  Yqi nn+1)/2 n+l

T = — = =
—n n n 2
1 (Bz;)?
2 = Ya? — ¢
s :IHA i n
Y, &, n(n+1)@2n+1)
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3: 3&
n=ne+ny, 1——=—
n n

ng\ n(n +1)

V(Tilto) = na (1-22) T2

V(Tilto) = M52 (n + 1)

— n+1
@ANJH_NOV = on = Ng A 2 v

Our example: n, =4,n=9,t; =14

E(Ti|ty) = %2=20
V(Tilte) = *31°=16.67

Ty — E(Ti|to) 14 -20
V'V (Tilto) V16.67

P =0.14 (2 sided test)
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Lecture 4. Correlated Outcomes
11. Independence of binary outcomes

12. Matched pairs
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11. Independence of Binary Outcomes Joint Distribution

A sequence of 0’s and 1’s are observed. Is the sequence independent? Fys, - yn) = Fly) f(y2ly1) f(y2ly1, v2)
Example: U.S. Presidential Elections (1912-1996) o f(Ynlyr, y2, - s Yn-1)
Year 1912\ — v’ 1996 Assume

1100011111001100100011 Fyilyi vz, -+ i) = f(Yilyio1)

v 1 if Democrat elected Markovian Assumption
0 if Republican elected = [P 9m) = 0 Fw2ly)f (olya) -~ S Gl )]
Slide 96
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[/ s yn) = FW) falys) -~ F(yalyn-1) |

Let

0;=P{Y;=1Yi1 =yi1}

A = logit 6; =

—  extByia \H + e tByi—1

e /1 +e”
eth [1 4 exth

if yi1=

if yi—1 =

|.. = o+ fyi
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This is logistic regression model with z; = y;_1

n n n
to = MU? it = MUQ&S = MU§LS
i=1 1 1

Note: t1 = yoy1 + y1¥2 + -+ + Un—1¥Yn
What is y9? — Undefined.

Arbitrarily define yo =y,

Instead of considering a sequence on a line, y; -+ ,yy,
Consider a sequence on a circle  Yn (4
Y2
Ya Y3
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Yn

Ya

Y1

Y2

Ys

Then it is natural to consider yo = yy.

n n
Withyo =yn o= D i 1= Vi 1i
1 1

are defined.
Consider
to — i1
to — i1
yi(l —yi-1) =

n n

MUS - MU§|H$
1 1

> yill—yia)
1

1 ify;=1andy; 1 =0

0 otherwise
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Example:

to=06,t, =4
0 1
1 1 to—t1 =2
1 1 4 runs
0 1
to=4,t, =1
0 0
1 1 to—t1 =3
1 0 6 runs
0 1

A run is a consecutive sequence of 0’s and 1’s. If
W = number of runs,

(W =2(to — 1) |
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W =2(to — t1)
We know
t
E(Ty|to) = toz, V(Tilto) = to(l — movm

Conditional on Ty =ty being fixed. Hence if we
find E(T1|to) and V (T1|tg) we have the mean and
variance of W.

n

_ N T
glMu.S%lMM - |MMM@|M|@

mﬂﬂp_wov = wom = woﬁ = \Zﬁm

V(T1lto) 2

to(1— 2)s* = np(1 — p)s
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2
72 _ (Bz;)? ny. (XTy:) P
2 _ ’ n _ n _ to—-2
s = n—1 - n—1 - n-1
t
to AH - Iov ,
_ n _ _npg _
- n—1 =n-1 4=1- 0
npg _ (npq)?

S V(Tifte) =np(l —p) - ——= =

S E(W) =2(tg — np?®) = 2(np — np?) = 2npq

VW) =V (2t - 1) = 4V (Tto) = 272D

Slide 102




EW) =2npqg ,V(W)= »M@Wﬂvm _ ﬁwﬁw\wﬁ

Z is approx. N(0,1)
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Presidential example: W =8, n = 22,

n
to =) yi=12
1

to 12
=—=—=.54 =4
p - 2 545 ,q 55

E(W) = 2npq = 2(22)(.545)(.455) = 10.911

(8 — 10.911)[v/21
10.911

7 =

=122 ,P=0.22
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12. Matched Pairs
Example:

The ECOG (Eastern Cooperative Oncology
Group) carries out multi-center clinical trials
evaluating cancer therapies. ECOG is composed
of large treatment centers (members) and
community hospitals from which patients are
entered in some protocol. Consider clinical trials
in which outcome is response (significant
reduction in tumor size).

Do patients from community hospitals have
the same response as patients from
member institutions?

To answer this question, we will extract data from
database—many hospitals and protocols.
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Experimental Design: Match a community
hospital patient with a member institution
patient having: same protocol, same treatment,
same gender which were entered into a study
within 90 days of each other.

A:  Community Hospital Y 1 if response
B: Member Institution 0 otherwise

Outcome: (Y,,Y;) No. of pairs

1) 132

0) 146
936

1) 157

0) 501
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Data can be summarized in a 2 x 2 table

Member
Response Non-response
Community Response 132 146 278
Hospital Non-response 157 501 658
289 647 936

This is not an ordinary 2 x 2 table, but represents an aggregate
936 2 x 2 tables.

of
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A Typical Table (one pair) (Y,,Y3) is

Response Non-response
A Ya 1- Ya 1
B () 1—yp 1
t 2—t 2
Recall in our study of 2 x 2 tables.
A s Ng — Sq | Na
B t—s np—sp | ng
t n—t 7 n
6, = e*tP \H + exth
O, = e*/1+e”
() () g ball=ba
P8 18,

F6lt) = gt
S (e)(")e

8§
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A yo=s 1-ya|l=n4 Yu,y=0,1
B Yo I—yp | I=m
t 2—t 2
Ng ny B8s Ng np
t) =
s =) (20 J 20002,
Hence

Ng =np = 1,8 = Ya,t = Ya + s

P{ys = yalt} = A@U @m@avmu? \@v A“mOvmu.o + @

)(

1
t—1

)¢’
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Suppose t = 0 = P{Y,
Suppose t =2 = P{Y,

1)t =0} =0
=1t=2}=1

Hence when ¢ = 0 or ¢t = 2, the value of Y, is completely

determined and carries no uncertainty.

Suppose t =1

P{Y, = yu|t =1}

() G5 ) e /() () + Q)

1
0

)e

= () (.)€ /1+ €

o 11+€f i oy, =0

Bt i oy =1
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P{Y,=y,lt=1} = @G Ahﬁv%ﬁ J1+¢€P

= 1/1+€f if y,=0
= ef/1+ef if y,=1

Consider the it* pair: (i refers to treatment, gender

pair)
Probability of response
fai = € P /14 €8 = of community hospital
Patient for 3" pair

Probability of response
Opi =e* [14+e* = of member hospital
Patient for i pair

%S\H|%§.
i og %S\H|%S Q; ITQ ? 1,2, )

N = no. of pairs

= Every pair has a unique parameter, but

1/1+6€f  if g4 =0

P{Yai = yailt; = 1} =
ai ai|li Qm\~+®m . Vi

Il
—

We only consider pairs for which ¢; = 1.

The outcomes are dissimilar; i.e.,
(Ya,y) = (0,1) or (1,0)

Pairs which are like outcomes
(Ya,y) = (0,0) or (1,1)

do not depend on S and hence cannot be used for

an inference on .

Consider all pairs for which ¢; = 1.

1—yai B Yai
faslti =1) = AI.H%V AI.%V
= ePvei [(1+€P)
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flyt=1) =€ /(1 +e)" ;s = yaui
i=1

If there are airs for which ¢; =1

Te are T pans ot W ‘ Note that this joint distribution is the same as having n

FWa1sYa2, ** sYanlts =1, ,t, =n) = mmmﬁg\ (14 €°)" independent Bernouilli Trials with success Eoww_&:@
0 =¢eP \H + eP . Hence the distribution of S = MM\E. is
1

n
s = M@E. = sufficient statistic for Binomial £ 1 Pis P n efs
i=1 Distribution flsft =1) = PAS =slt =1} = s) (1+eP)n

or

Pyl =1) =& /(1+€P)" e

St =1) = ()or@ =0, 1-0=1/1+¢P

The statistical inference is Hy : 5 =0 vs. H; : f # 0
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\@:HHTuﬁv%a|m%m§nmﬁH+%

If 8 =0
= E(S)=n/2

= nf=nel/1+¢’
= nd(1—0) =nel/(1+eb)?

9=1/2

V(S)=n/4

Slide 115

58

fHy:8=0

E(S)=n/2 ,V(S)=n/4

f(s)=(D) va:u exact distribution

Large Sample Distribution

SN (37)
S—E(S S—-%
Z = /\%wvvn/\%n 2221 |~ N(0,1)
2s—n=s—(n—2s)
Example:
Members
R NR

R=Response

Community R 132 146 NR=Non-response

Hospital NR 157 501

Only off diagonal terms correspond to ¢t = 1 outcomes
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Therefore, define s = 157, n = 157 + 146 = 303

2s—n  s—(n—s) 157—146
vn vn V303

P{|Z]| > .632} = .53
This test on matched pairs in which like pairs are

discarded is called McNemars Test.

The test is simply the sign test on dissimilar
pairs.
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Lecture 5: Proportional Hazards Models
and Urn Sampling

13. Proportional Hazards Models

14. Proportional Hazards Models and Urn
Sampling
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13. Proportional Hazard Models

Definitions: Proportional Hazard Models

T= Random Variable Denoting Survival Time

h(t)At = P{t <T < t+ At|t > t}

[ ()AL= P{t<T <t+ At} /P{T > 1}

Human Population

Infant Aging
Mortality

1 2 -« 70 80 90 (Age)
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Proportion Hazard Assumption

h(t|lz) = ho(t)e?® z: Covariate

ordered failure; i.e.,

ba) Stz St S0 Sty
Define X ;) = Covariate for i*" failure time.

Consider (z(;),t;)) ¢=1,2,---,n where ¢ :

th
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NUA»NE = Hu@ [0'e onvimmﬁ

ho ngmuf ePi

> holtes))e B >
j j

Jj ranges over the (n — ¢ + ) patients who have

PiX@ =z} =

not failed.

Suppose 8 = 0, then

i.e. Every z; has the same probability of being
associated with the i** ordered failure time.

Note: More generally
P{X() = z;} = ho(t(3))0(z;, 5)

where 6(z;, ) is a non-negative function of 5
such that 6(z;,5 = 0) =1 for all z;.
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14. Proportional Hazards Models
and Urn Sampling
Observations: (z;,t;) i=1,2,---,n
{t;} represents survival.
Question: It there a relationship between {z;}
and A?W
Case A: No censoring.

Procedure: order {t;}

ta) Ste) < Sty

ie; t(; : 1" smallest survival time

T(;) : covariate associated with ¢ ;).
Z2 T3 T
T e T4

First draw corresponds to covariate associated
with ¢(1). Second draw is covariate associated
with t(2), etc.
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Possible Balls Value

Draw (Those at Risk) Drawn Expected Value
1 o) 3m) zqy W +a§M.:+a€
2 L(2)y " ryL(n) Z(2) 2o+ ﬁw M_.H )
T(3) + Tg) + -+ T(y)
3 T(g) s T(n) Z(3) —
n Z(n) Z(n) Z(n)
Total = au) 2] +a@ L+ 5]

ooy [L 4 gk et ]
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Sum Expected Values
x
T = W vog b+ vee [E+ A+

ot 2y ?+N+:.+L

i

1
=2y

j=1

&; are expected values of order statistics from unit exponential.
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1 1 N n 1
n n—-1 "7 n—-i+1

T= MM«HH &3@

The distribution of 7" under the null hypothesis is
equivalent to every ball having the same

opportunity to be drawn at every draw.

= Exact Distribution of 7" is found by permuting

x’s.
Asymptotic Distribution

E(T) = MM:“@.H:M“ ¥ =n
1
Ph-g), &=

=
=
[

Z = ———= is asymptotic N(0,1).
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Case B: Censored Observations

Right censored observations arise when at the
time of analysis a person is still alive; i.e., times:
1,5+,6,8+.

Among these four observations 5 and 8 are
censored (Right censored).
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Modification of Urn Sampling Model with Censored

Observations
Only draw ball if observation is complete (non-censored).
HNWEUHOH AQAC“ Hvu AQANV ) mnTvu Aghwv“ @vu AQET mn_uv

Draw At Risk Ball Drawn Expected Value

L 2a),2(2), %), T(4) (1) (z) +2(@) + z3) + 2(4)) /4
2 (z@),2 z(3) T(3) + 2(1))/2
1 1 1
T=(z@) + a@va + (z3) + aévﬁ + mv
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Modification with Censoring

Data: Ag&uw?%&v for i = 1,2,---,n

5 1 if non-censored
' 0 if censored

If ¢(;) are ordered, then we have

((z@), t@, 0i))-
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Define

J
&y = D dw/(—i+1)
=1
T = MU QQV - mﬁvv L) = MU%C.V&QV - MUvaaC.v Then if there is no relation between t; and z;.
J J J
Since E(T) = 0 .
n no g V(T) = 6n—¢&, QHM%&\F m:HMUA:l.Jr:L
Yothrg = Y > [w/n—i+ D]z i P
j=1 =1 i=1

" " " Hence Z =T/+/0n — &, is approximately N(0,1).
= Y Sy rw/n—i+1) =) §;Exgy)
j=1 j=1

i=j

T = Y 8ley — Eg))]
j=1
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1.
2.

Lecture 6: Multiple Logistic Regression
Example

Comparison of theoretical results from 2 x 2
tables

Joint distribution (Conditional)

Asymptotic Distribution
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Review: Logistic Regression (one covariate)
Observations: (z;,y;) 1 =1,2,---,n

Y;: Binary random variables

0; = P{Y; = 1|z;} = e*TFei [1 4 eathai

0.
A = log m = logit 6; = a + fz;
k3

Examples:

2 x 2 tables

Wilcoxon Two Sample Test

Markovian Models and Run Test
Distribution:

Exact

Asymptotic (Urn Sampling)
Other:

Proportional Hazards Models

Matched Pairs
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15. Model and Examples

1
Y, = x; = (T4, Ti2, -+ , Tip) P-covariates
0

0; = P{Y; =1|z;}  Observations (y;, z;)

p
Ai = logit 0; = Bo + MN&.H@.

J=1

TcHH Ai = Bo ._JQZSL

Tests are made on (81,082, , Bp)-

Examples:

1. Recurrence and Breast Cancer

R |—A

A
End Point is Recurrence

N

D
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Stratify Outcomes by Menopausal Status

Pre-Menopause Recurrence No Recurrence
A 1 29 30
B 11 26 37
12 55 67

Post-Menopause Recurrence No Recurrence
A 7 59 66
B 13 50 63
20 109 129
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Example 2:
Deaths and Prognostic Factors
For Breast Cancer

Treatment: A, B
Prognostic Factors
Number of Nodes with Cancer: 1-3, 4+

Size of Tumor: < 3cm, > 3 cm

Deaths/Totals
Nodes  Size A B
1.3 <3 4/21 1/21
4+ <3 4/11 4/20
-3 >3 3/13 2/15
4+ >3 9/15 4/12

Four 2 x 2 Tables (Factorial Structure)
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Example 3:
Testing k£ Binomial Populations

Example: £ =3

Growp S5 F
A 0 4|4
B 2 2|4
c 1 5|6
3 11 |14
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Example 4:
Multi-Center Trial (Two Drugs)

A
Test Site S F | S F
1 0 15 0 15
2 0 39 6 32
3 1 20 3 18
4 1 14 2 15
5 1 20 2 19
6 0 12 2 10
7 3 49 | 10 42
8 0 19 2 17
9 1 14 0 15
10 2 26 2 27
9 228 | 29 210
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16. Several Contingency Tables

Models
Consider k£ 2 x 2 tables
S F
A s - n;
ith Table ' Yi=1,2,- Lk
B - - m;
? n; — ?. Zs

04i,0p; : Success Probabilities

%D& 6 i
Aai = log AQV s Avi = log A&v

Common Odds Ratio: \y; = a; +8 , i = «;

%S\H - %Sv
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Note on Model with Interaction

Mi—Mi =Bi=B+Bi—B=p+0
where %sH\Q~|Q
If B = B2 = ... = B then §; = 0 for all 3.

k
B= Bilk .. %6 =0
1

Hence since

k
MU 6; = 0 = k — 1 independent deviations
i=1
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Alternatively
Nai = Xoi =i =f+6 i=12 k-1
(Aai = Abiy — (Aak — Apk) = Bi — B

Bi—Br=06;1=1,2,---  k—1 deviations.

In both cases there are only £ ;.
k
If MU? = 0= k—1 of §; are linearly independent.
i=1

If 6 =0 = 61,92, , 051 are independent.
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Reminder: Single 2 x 2 Table

f(s|t) = C(s,t)e® \MQ?“S%@

o= ()62) /()

Also,if 5 =0
E(S|t) = %,
V(SIt) = g

orif p=1¢/N, under Hy: =0
(N —n)

E(S[t) =np, V(S]t) =PI
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17. Theoretical Development:
(Several Contingency Tables,
Constant Odds Ratio)

For it* Table assume 3; = 3 i.e.,

flsilt:) = Clsisti)eP* [y C(siyto)e?™
= QAM&J?V mm.f.\u&

Hence joint distribution of (s1,sa,- -, Sk)
conditional on t1,--- ,t; is

k

.\.Am”_;... me_wf... Jw\av - E.\.AMS_?V

1

k k
k.
F(s1,+  Splte, - o ty) = mQ?:S mmm:s\mb&
i=1 1
Note that conditional on ty,--- ,tg, s = Xs; is a

sufficient statistic. Hence we only need the
k

distribution of s = MU&
1
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f(slt, - te) = M f(s1,0 sklte, - s ty)
s1t =5
k k
= mmm MU mgﬁm?ﬁv EU~
s1+-tsp=s 1 1
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k
(CORTND N | CICE

k
@&V\EU@.
s14-tsp=s 1 1

Define
k
Clet)y= > ][CGut)
S1+-Fsp=s 1
ASC(s,t)
slt) = £ “\St)
f(slt) MU%.WQQQS
Since

cootn= () (")

Clst)= Y mﬂv A&Hv

S1+-Fsp=s 1
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HMQHOU%Q&H%ST&.@E&

fo(s|t) = C(s,t) \M C(s,t)

StatXact computes the exact test for

Ho:8=0ws. Hy:B#0.
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Asymptotics: If 5 =0

.Z.s. — N
E(S;) =nipi ,V(Si) = nipigi Ajv

pi = ti/N;
k

Since the test statistic is S = Mu.w&
1

k
E(S) = Muz%&
i=1
b N; —n;
k3 (2
a\@g = mz%&@“ Aﬂv
and
~ N(0,1)
The test using the approximation Z is called the

“Mantel-Haenzel Test.” First proposed by W. C.
Cochran, but with N; — 1 replaced by N;.
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18. Theoretical Development (General
Case). Test for Constant Odds Ratio.

Consider A\y; — Ap; = Bi =Br +0; 6; = B — Bk

f(silts) = C(si,t;)e P05 D,

Hence

.\Amf... um»_wf... Jw»v H.\Amuﬁv

k
= [[ Csi,ta)ePre+= "0 [ ] D
1

k
where s = M Si-
1

Atestof Hy:01 =02 =---=6,_1 =0
corresponds to the test for interaction. Note that
$,81, -+ ,8k_1 are sufficient statistics conditional
ont=(t1, - ,tx).
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Since § is a nuisance parameter, condition on s
and ¢.

C(s, Smme?&

.\.AMH,...VMN&&,%VH i—
> Cls,t)em o
st tsp=s
where
ko ng m;
C(s,t) = ’ ¢ -
(s,%) MAMSV ASI&V yS1F S =5

If .m.o %H = = %w\p =0 5 then

Slide 148




Define
N; —n;
Wi =TMipi 07 = nipig; Aﬁv ,pi = t;/N;
i
Then if §; =0fori=1,2,--- k-1
E(Silt:) = pi V(Silt:) = o}

If S; ~ Zﬂtqumv

k
f(s1,--,8k[t) x exp— MUA& — 1) /202
1

k
and since S = MAML
1

F(s|t) oc e 3/

k k
EHMU\LA QQNHMUQ.W
1 1
,\.AMT. u.ww&v
f(s1-++,sklt,s) =
(o =T
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.\.Amf : s Sk ﬁv
Flon e snte) = T
1 k 2 2 1 2 2
ImMHA&IEv /o3 IMQIE /o
exp exp
1 (s — w)?
= mlm AM?& — )i - o?
s (i) (=)
Xg—1 = M Q.w - o2
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k 2 2
2 N~ i) (s—p)
Xk-1 = M o? g2
is asymptotically chi-square with d.f.=k — 1
Note:

If Ns = A‘m‘s - tv\qs then

o
=1
2 k 2 k 2
Xeo1 = 24— AM@HH Sstv
= Z'AZ, A=1-wu'
w' = Ao.|uu ﬁu ) Q|:v

A% = A (idempotent)
trace A=k —1
= Z'AZ is x3_, if Z ~ N(0,1)

Since Z is asymptotically normal, Z'AZ is
asymptotically chi-square.
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Lecture 7. Multivariate Problems

(Slide 155)
19. Comparison of £ Binomial Populations
20. Testing Two Multinomial Populations

21. Analogue Between Logistic Regression and
Polychotomous Regression (one covariate)
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19. Comparison of k Binomial Populations

Example: 3 binomials

Groups S F | n
1 0 4 4
2 2 2 4
3 1 5 6
3 11| 14
General Problem
Groups S F | Totals 6= P(S)
1 $1 mn1— 81 ny 61
2 Sy M2 — Sy N2 0
k Sk Mp — Sk ng 0y,
t N —t N
Hy:0,=0=-.-=06,
\i = log i —a+B; i=1,2,--,k
1-6;
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In the problem formulation it is convenient to set
Br = 0 as there are only k£ independent
parameters.

HMQHH...HQNQ\HHOU%H H%NH...H%N@
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16 = (7)o -y

However if

0
1-46

A =log =a+p

0 =eth \H + exth

15) = Qe /(1 )"

Hence for it" table

f(si) = A\zsv elathBi)si \G + mQ+FV§.

Sq

. Joint distribution

=

.\.AMT .. gmav _ A\zsv mAQ+mL$ \AH + mQ+mﬂ.v§

S
1 A

Aﬁ:v mQMml.MwLPE\U
Sq

<.
I

Il
H::»
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Sufficient Statistics are: t = X;s;, 1, ,Sk_1

a is nuisance parameter = condition on ¢

k—1
at+ M Qs.m&
C(s)e 1

\.AMT T g.ww\u_wv = 1

s1+-Fsp=t
where
k
c(s) =] Amv
| i
Hence
k—1
> Bisi
Fs1,++ spoalt) = C(s)e 1 —
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_ a has
Qﬂmvmmw "Bisi

J(s1,00 , 8821 _$ = dropped
> C(s)ePhi
s1,F s =t out
k N
C(s) = E Amsv
1 K2
tpr=Pr=-=f1=0=b=0=-=0

Vo= 1)

’ s1etsp=t 1

folst) = E (

Multivariate

fo(slt) = :\Hﬁ Awuv \@J Hypergeometric
Distribution

ZHM\D? wHMm&
i i
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Consider Data Set

Groups S F

Ot N
S

o - B/
% ,81+ 82+ 83 =3
(5)

Note that all marginal totals are fixed.
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Permutation Distribution

sios s | (D62 L)
0 0 3 1-1-(3)=20
0 1 2 —60
1 0 2 —60
Observed | 0 2 1 =36 |
1 1 1 —96
1 2 0 —24
2 1 0 —24
3 0 0 —4
0 3 0 —4
2 0 1 =36
364

Probability of outcome = or more extreme than
observed

_20+36+36+24+24+4+4

(+)

P = .407
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Urn Sample Model
N =n1 +ns + -+ + ng = number of balls in urn
Let there be k types of balls (Red, blue, yellow, etc.
n; = number of balls of i*" type
Draw a random sample of ¢ balls without replacement

Define: s; = number of balls of Type i in sample

We can show

E(S;)) = t% =tp; ,pi=ni/N
V(S:) = ﬁ?ﬁ —Di) = 0y
Cov(Si, 8;) = —LLpip; =0y
Asymptotically Si,--- ,S;_1 has multivariate normal

distribution with mean E(S;) = tp; and
variance-covariance matrix V' = (o;;)

=[S = E(S)]'VTS - E(S)] = x5,
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k 2
N -1 Am& — wﬁ&v
— /N
@ 2 |~w M wﬁs g%s 3;\
Asymptotic x? with d.f. =k —1

2
This statistic is like (observed-expected)

Expected
Data Set Expected = tp; = w@.

4

1 0 4 | 4 3.1
4

2 |2 2|4 3-4
6

3 1 5 6 311

3 1114
t=3,N =14

Q=— + +

$A|mmﬁ|mmﬁ|mm
11| 12/14 12/14 18/14

=289df. =k—-1=2

P =041]
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Lecture 8: Polychotomous Regression
22. Review (Testing k£ binomials)
23. Testing Two Multinomial Distributions
24. Logistic Regression and Polychotomous
Regression (one-covariate)
e Urn Sampling Model and Asymptotics

e Examples
Testing two Multinomials
Generalized Wilcoxon Test
(Rank Sum Test)
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Review

Testing k£ Binomial Populations

Distribution under null

Jo(s1,+ -y sp—alt) = mﬁwv Aw\vu t= M\AU&

1

Multivariate Hypergeometric Distribution
Urn Sampling Model
N =n1 +ny+---+n; = No. of balls in urn.
Let there be k types of balls (different colors)
n; = No. of balls of type 7

Draw sample of §; = no. of balls

t balls without — | in sample of

replacement Type @

Sq
k x 2 Table
Populations _S F
1 §S1 N1 —81 | N1
2 S2 N2 — 82 | N2
k Sk N — Sk Nk
t N —t N
Hy:6, =0, = =06
Ai =lo 0 =a;+06; 1=1,2
1 m H _ %s - 7 k2 - k) b
Hy:p1=Br=---=0_1=0
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20. Testing Two Multinomial Distributions

|
_ Ng- Sal NSa Sak
.\.QAMQHquMu... JMQ\AV — Na|9%9”_.u QMN...%Q\w
EMS_
=1
k
b =1
‘\.Am Sto. . 8 v — np! gsvLgse2 .. . Sk
b\9b1y 962, » Obk - % b1 Yp2 bk
[Ls0e
=1
k
2 = 1

Hy : 041 = 01,002 = Op2, -+ , 001 = Opi
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Re-parameterize

Mi = logge=a;+ 6 i=12,k-1
Api = log MMM =y
Oai —e¥ithi g — a;+Bi
ﬂ =€ yVai = Ugk€
But
k k—1
M%g = %Da Mmosifmﬂ. +1| =1
1 1
1
= |04 = _HH + M\HIH mostfmﬂ.u_
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%5. = %:kmﬂQ@LﬁmQ 11— H, Nu e u\a -1

k—1
%Qw =1 1+ MUQOSLJF
1

k—1
0, = eithi 1+ MUQS.TF
1

Similarly

k—1
%a:. = e% Hl_lMUmQH 1= Huwu.
1

Likelihood:

k n

Ng! Sai 3@|_ Sbi
\@AMDV\@A.@@V I 5ai m%i x : Spit E bi

1 1

eQitBi Sai

k—1
=Clenn) || o
1

i=1

e Sbi

k—1

< [;rge]| o
k=1 _q; bk

=1 H_.ITM“_. e

mmwluo:. (Saits6:)+EN " Bisa;

a\Sa =C as . m . T
.\. A.w v‘\.@ﬂ.w@v A.w .w@v AHlTM%\H«wo:[Tmﬂ.v a AH+M%\H®Q~.V
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eZ1 T ai(saitsyi)+I) T Bisai

1+ ShleaitBi)™ (1 4 ph1eai)™
(1+27 ]

fa(84) fo(86) = C(84, 85)

Sufficient Statistics are t; = s4; + Spi, Sqi fori =1,2,--+  k— 1.

The a; are nuisance parameters. Consider

k—1_ .. k—1g. . .
QmMH aiti+37 msmS\U

M vauo:.?.tumﬂ.m.:. D

Sa1t++Sak=Na

.\.AMQ_SJ... uwwluv -

Qmmw(.\ums.mi.

M QmeluFmﬁ.

Sa1t -+ Sak=Na
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If Hy: 81 =+ = fr—1 =0 then

Nal Ny

fo(8a, sp|t) = Sqll " Sahl  Sbil~" " Shit
a —_

M ” Ng! Tip!

Sal! * * " Sak! Sp1! " Spk!
Sa1t-Faan=ng Sal! " Sakt Sb1t - Sb!
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Note:

Ng! Tp!
Sq1t -+ Sakt (f1 — Squn)!- -+ (tk — Sak)!

() ()5
£ () (2= G- ()

Sa1t - +Sak=nNa

and

= 1(2) /(1) =SS
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i.e.,
Population 1 2 k
A Sa1  Sa2 Sak | Ma
B Sp1 Sp2 Spk | Mo
t1 to tr N

2 x k table with all marginals fixed
2 multinomials and k binomials is exactly the

same.

. Thus test for

Slide 172




21. Analogy Between Logistic Regression
and Polychotomous Regression

(one covariate)

Recall for logistic regression

Observations: (z;,Y;) ¢=1,2,---,n

flyi) =07 (1—0:)' 7%, 6=P{Y;=1}

0.
>&H_ommﬂg+m§
K3

n n

Sufficient Statistics: s = MUS, t= MU&S@S
1 1

| folt]s) = C(s,4)/2C(s,1) | Exact Test
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Consider the £ random variables

Y1,Ys,---, Y such that

k k
0;=P{Yi=1}, > Yi=1, Y ;=
1 1

[Flwn ) =opey oy

Note: Above is generalization of binary random
variable with k = 2,

fyr,y2) = 6071057 =0 (1 —6,)t %
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Define §; = P{Y; = 1}
0;

i =eMthir =12 k-1

Since

k —
MU =1= MU %»mo:.;wus.av + O,
1 1

k—1
1+ Mmo:%mﬂ.a
1

k—1
Emﬂo:+mﬂ.av.$
=1
k—1
1+ MUQS.TP.&
1

fly) =TI} 60 =

Compare for k = 2
‘\.AQV = %%H AH_. - %HVHl@H = QAOTTE&v@H \H_. l_l @QITE&

Binary Random Variable
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k-1 k-1
f(y) = E elaitBiz)yi 1+ MU eithiTi
i=1 i=1

Suppose there were n observations from multinomials
of the form (y1,y2,... , ¥k, T); i.e.,

.N.:N\ mm‘EUHQ A@H?@w?... u@\&u.&mv m” Huwu.

[
Aﬁu_gu — E mﬁg.__.\ms.&i.@& 1 .TMU@QS..TFHN.
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Then the joint distribution is

n
fY1: Y2, ynl@r, - @) = E fi(y;lz;)
j=1

k—1 n k-1 n
expd > iy wij+ Y Bi | D v
i=1 j=1 i=1 j=1
- n k—1
IT |1+ Seetoes
j=1 1

n n
tio =Y vijs ti=p ayy =1, k-1
j=1 j=1

are sufficient statistics for (a, 3)
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,\.A@_Hv — meluo:.SoLwaLmﬂ.r \.U

n n
tio = M@&; ti = MHE&
j=1 j=1

Hence
QQ?Smmwlo:?.o+mwluu}
.\.Aﬂouﬂv = D
where
C(tg,t) = X---%(1)
Yijo Yk (=12, ,n)
tio,t; fixed
= Number of ways of permuting y,,y,, -, ¥,

So that t;, t; are fixed.
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Example:

k = 3:( Failure, Partial Success, Success) n =5

Y, Y, Y

j oz Failure PS S
1 =0 1 0 0
2 z22=0 0 0 1
3 z23=0 1 0 0
4 =zy= 0 1 0
5 z5=1 1 0 0
tio = 3 1 1

t10 = 3,%20 = 1,230 = 1

SHMU“SHQ.HHH +z34+a5=1
J

to = Xygjrj =24 =1, t3=23y3z; =22=0

USHHV“NHHVNJHO
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We have to permute observations so that
t10 = 3,t20 = 1,830 = 1,81 = t2 = 1,43 = 0.

Below under F' there are three ways of permuting
(1,1,0) and two ways of permuting (1,0) keeping the
restrictions. Similarly, under PSS, only two ways of
permuting (1,0). Similarly, under S, we can permute
the first three. Hence number of permutations is
3x3x2x2=36.

8
|

PS S

= = O O O
[ = R R
o =R ©O © ©
S O o o =

Number of ways = 3 x2x2x3 =236
QQHO =3,ty0 = 1,t30 = 1,81 = 1,12 = 1,13 HOV =36
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Urn Sampling Model

n balls in urn having values z1,z2, - , Ty

n n
n; =tio = M Yij, ti= M TjYij = Si
j=1 j=1

Sample t19 = ny balls, t; = s; = sum of z’s drawn

Sample tog = ng balls, ts = so = sum of z’s drawn

Sample tyg = ny balls, tx = s = sum of z’s drawn
Define
1 if j** ball is drawn on " sample

Yij = .
0 otherwise
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We can show if Hy : 51 = -

2 _ k (si—niT)>
= XN&\H - 1 n; s2

Asymptotic chi-square
distribution with (k — 1)
degrees of freedom.

[S = E(S)'V7HS - E(9)]
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